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DETERMINATION OF STRESSES IN ELLIPSOIDAL RIGID INCLUSIONS

I. Yu. Tsvelodub UDC 539.3

A problem of determining stresses in isolated ellipsoidal rigid inclusions contained in an isotropic
elastic space exposed to the impact of external forces uniformly distributed at infinity is considered.
Ezxamples of inclusions in the form of oblate and prolate spheroids are studied when the problem has
a unique solution.
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It was demonstrated [1] by considering plane problems of determining the stress—strain state of an elastic
area with an arbitrarily shaped rigid inclusion that the stress field in this inclusion is determined unambiguously.
In a plane with the elliptic inclusion, the stress field is uniform and the stresses at infinity and in the inclusion are
bound with one-to-one relations.

The possibility of determining the stresses in the ellipsoidal rigid inclusion (ERI) of the general type cannot
be proved. Nevertheless, it turned out to be possible for ERIs shaped as oblate and prolate spheroids, which are
considered in the present paper.

1. Elastic Domain with Isolated ERIs. We consider an elastic domain with ERIs exposed to the impact
of stresses uniformly distributed at infinity o5 (k,I = 1,2,3). The distance between the centers of two arbitrary
inclusions is large, as compared to their sizes; therefore, the impact of one of them on the stress state of any other
inclusion can be ignored (isolated ERI). Under these assumptions, the problem solution reduces to independent
solving of N (N is the total number of all ERIs) problems on determining the stress—strain state of the elastic
domain v with one inclusion v* under the impact of external stresses at infinity. A similar problem was studied
in [2] for a physically nonlinear ellipsoidal inclusion (PNEI) with constitutive equations of a rather general form
¢* = F(o*) and 0* = G(¢*) (F and G are nonlinear tensor operators acting on the stress tensor ¢* and strain
tensor £*). In the domain v, Hooke’s law is valid € = a : 0 and 0 = b : € (a and b are the reciprocal tensors of elastic
compliances and elastic moduli, respectively).

The following relations between the stress—strain state in the PNEI and at infinity were established in [2]:

er =>4+ 8:(e" - &), eX¥ =qa:0%, & =a:0". (1.1)

Here, the fourth rank tensor S is independent of the coordinates xj, (k = 1,2, 3) and is determined by the geometry
of the domain v* and by the elastic characteristics of the ambient medium v. For the isotropic domain v, the
components of the tensor S are given in [2].

For the rigid inclusion v* considered, Eq. (1.1) at ¢* = 0 yields

S:E = (1.2)

It can be inferred from Egs. (1.1) and (1.2) that the components of the stress tensor o* as functions of the
tensor € specified at infinity can be found if the determinant of the 6 x 6 matrix corresponding to the tensor S [2]
differs from zero. Note that the stress field in the rigid inclusion v* is uniform.
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2. Isotropic Domain v. We assume that the elastic domain v with Young’s modulus £ and Poisson’s
ratio v is isotropic. Then, the components of the tensor S in Eqgs. (1.1) and (1.2) take the following form in the
coordinate system fitted to the axes of symmetry of the ellipsoid v* [2]:

Skikk = Qaglrk + Rlg, Swiu = Qai Iy — Ry,
28Kkt = 28wk = Q(ai + af) Iy + R(Iy + 1)),

Q=3/8r(1—v)], R=(1—2)/[87(1-v)], (2.1)

T du T du
k 7Ta1a2a30/ (a%—l—u)A’ kk 7Ta1a2a30/ (a%+u)2A’

(7
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31, =2 .
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Here, aj, are the ellipsoid semi-axes, A% = (a? + u)(a3 + u)(a3 +u) (k,l = 1,2,3; k # [; summation over k and [ is
not performed); the remaining components are Skimn = 0.

The values of Ii, Ik, and Iy, in Eq. (2.1) are expressed via elliptical integrals of the first and second kind
and satisfy the relations [2]

L+ L+ I3=4r, I+ Lo+ s =47/(3a}), aily + aslie + ailis = I,
D= Iu = (I — It)/[Baz — ai)]  (k#Lar #a), (2.2)

3Ikl:Ikk (k;él,ak:al) (k,l=1,2,3),

which serve to find other indicated quantities based on the known values of I; and I5. In particular, we have

L =1, =1 =2r5(1 - 6%)73/?[arccos § — 6(1 — 62)/2]; (2.3)
31 — 47é?
I3 =4m — 21 I = Ipg = 3115 =
3 4 ) 11 22 12 da2(1 — §2)’
[ 47 — 31 _477(1—352)4—6]52
BT T 302(1 — 62) BT 30282(1 — 62)
for the oblate spheroid (a; = a2 = «, ag = da, and 6 < 1) and
L=I3=T=2r6"1(6"2-1)"32[671(07%-1)"/2 —arché ! (2.4)
for the prolate spheroid (a1 = o, ag = a3 = da, and § < 1). Then, Eq. (2.3) yields
47(3 —62%) — 61
1 ™ ; 11 302(1—62)
4t — 3152 31 — 4r
Iog = I33 = 31s3 = Lo =113 = .
22 33 23 40262(1 — 52)’ 12 13 302(1 — 5?)
We present equality (1.2) in the matrix form as
sufi =2 (k=1,2,...,6), (2.5)
where f[g and f° are the components of six-dimensional vectors corresponding to the strain tensors £* and £°°,
spi are the elements of the 6 x 6 matrix of the form sg = Skrn (k,1 = 1,2,3; summation over k and [ is not

performed); sq44 = 251212, S55 = 251313, Se6 = 252323, and other elements sg; are equal to zero.
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From Egs. (2.1), (2.5) and inequalities sgx > 0 (k = 4,5, 6; summation over k is not performed), it can be
inferred that the above-formulated problem of determining the uniform stress field in an isolated ERI has a unique
solution if the matrix ||sY|| = ||sx|l (k,1 =1,2,3) is nondegenerate:

det||s, | # 0. (2.6)

Let us consider some examples.
2.1. ERI in the Form of an Oblate Spheroid. Using Eqs. (2.1)—(2.3) and omitting cumbersome transforma-
tions, we find the value of the determinant Ay = det ||s,|| indicated in Eq. (2.6):

14 — 47 2
B0= a2y ij)3(1 —52) (?:1?1 _455) +-20)1)
X [(3—4u(1—52))1—4w52—(1—2u)(1—52)f]. (2.7)

It can be inferred from formulas (2.7), (2.3) that Ag is a function of § (0 < & < 1) and 31 > 4762, Substituting
x for § and introducing a new variable t = 1 — 22 (0 < t < 1), we find that the condition Ay = 0 is equivalent to
the equality
U(t) =2(1 — 20)tF? 4 (dvt — 3)F +2(1 —t) = 0, (2.8)
where
F(t)=1/27) = (1 —t)"2t7%?[arccos (1 — t)1/2 — (1 — t)Y/2¢1/2).
We consider the case of an incompressible elastic medium at v = 0.5. From expression (2.8), we find
f1(t) = arccos (1 — )2 = fo(t) = 3(t — t?)(3 — 2¢) L. (2.9)

As f1(0) = f2(0) = 0 and f(t) = 0.5(t — t2)71/2 > fi(t) = (4.5 — 6t)(3 — 2t)~2(t — t2)~ /2, Eq. (2.9) with
respect to t at 0 < ¢ < 1 has no roots; therefore, f1(t) > fa(t).

Thus, Eq. (2.8) at ¥ = 0.5 has no solutions; therefore, Ag # 0 and the components of the stress tensor ¢*
are unambiguously determined from Eq. (1.2).

Let 0 < v < 0.5. Considering (2.8) as an equation with respect to F', we find its roots

P, 3—4vtEVD
VT4 -2yt
where the inequality occurs because

Join D(t)=(1-2v)(5—-4v)(1—v)"2 > 0.

For the function ¥(¢), Eq. (2.8) yields
U(t) =2(1 —20)¢(F — F1)(F — F3). (2.11)

As Iy > 0 (k,l = 1,2,3), it can be inferred from Eq. (2.3) that (1 —¢)2/3 < F < 2/3; from Egs. (2.10) and
9 — 8t + 4vt > 0, we find the inequality

D =16(1—v)*t* —8(2—v)t+9>0, (2.10)

3 —4vt 2
41—20)t 3
Therefore, FF — F; < 0 and the condition ¥(¢) = 0 by virtue of Eq. (2.11) is equivalent to F' = F5. Let us show
that this equation with respect to ¢ has no roots at 0 <t < 1.
In fact, as v — 0.5, the inequality f1(¢) > fa(t) for the functions from (2.9) is equivalent to the inequality
3—dvt—vD  4(1-1t)
41—-2v)t  3—dut++D
[F', F3, and D are determined in Egs. (2.8) and (2.10)].
Considering F5 as a function of v, we find its derivative
16(1 — t)t A(1—v)t—1
(3—41/t+\/D)2( VD )

Fy >

F>F= (2.12)

Fy(v) =
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It can be inferred that Fj(v) > 0 at f3 = 4(1 —v)t —1 > 0. At f3 < 0, we also have Fj(v) > 0, because
D —(—f3)? =8(1—t) > 0. Therefore, the function F» = F»(v) is increasing, and we obtain F > Fz‘ufo L F
from Eq. (2.12). Then, considering that F' — F} < 0, we find from Eqgs. (2.10) and (2.11) that

U(t)<0 at 0<t<1l and 0<wv<0.5.

2.2. ERI in the Form of a Prolate Spheroid. For an ERI taking the form of a prolate spheroid, we performed
calculations similar to those in Sec. 2.1 and found from Egs. (2.1), (2.2), and (2.4) that the condition det ||s%,|| = 0
is equivalent to the equality

v<0.5

WO(t) = 2(1 — 20)t(FO) + [(4v — 3)t + 3]F° — 2 =0, (2.13)

where

11—t 14+t/2

0 = —
F =47 e ln(l—t)l/Q'

At v = 0.5, we have

1+t1/2 3t1/2

0(p) — _ 004y —

Similar to relation (2.9), Eq. (2.14) at 0 < ¢ < 1 has no roots because f2(0) = f2(0) = 0 and
14 ¢1/2 3 3t71/2 4 ¢1/2
0 t / — 0 t / —
Therefore, fY(t) > ().
Similar to Eq. (2.11), Eq. (2.13) at 0 < v < 0.5 yields
WO(t) = 2(1 — 20)t(F° — FO)(F° - FD),

o= (3—4v)t —3++/Do _ 4 | s
4(1 = 2v)t 3— (3 —4v)t+ /Dy
o_ 3—4)t—3—+Do e e
2= A(1—2w)t <0, Do=(@8—4)7t" =2(1 +4r)t +9>0.

The condition WO(¢) = 0 reduces to the equation F° = F, which has no solutions at 0 < ¢ < 1. Indeed, for
the functions from (2.14), the inequality f2(¢) > f9(t) is equivalent to F* < F} at v — 0.5. As [1+(3—4v)t]*— Dy =
8(t — 1) < 0, the derivative of the function F} with respect to v is

(FOw)) = 16t i (1 + (3 —4v)t
[3—(3—4v)t+ v Do] v Dy
Therefore, the function FY = F?(v) is decreasing, and

FO < FY

—1)<0.

< F?
5 1

v<0.5

v=0.
while Egs. (2.15) yield
W(t)<0 at 0<t<1l and 0<wv<0.5.

Thus, it is shown that condition (2.6) is satisfied for the considered isolated rigid inclusions in the form of
oblate and prolate spheroids. This fact provides unique solutions of problems with determining stresses in these
inclusions under external forces uniformly distributed at infinity.
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